Abstract. This paper focuses on the study of open curves in a manifold M , and proposes a reparameterization invariant metric on the space of such paths. We use the square root velocity function (SRVF) introduced by Srivastava et al. in [11] to define a reparameterization invariant metric on the space of immersions M = Imm([0, 1], M ) by pullback of a metric on the tangent bundle TM derived from the Sasaki metric. We observe that such a natural choice of Riemannian metric on TM induces a first-order Sobolev metric on M with an extra term involving the origins, and leads to a distance which takes into account the distance between the origins and the distance between the SRV representations of the curves. The geodesic equations for this metric are given, as well as an idea of how to compute the exponential map for observed trajectories in applications. This provides a generalized theoretical SRV framework for curves lying in a general manifold M .
Introduction
The formal principal bundle structure π : M → S induces a decomposition of the tangent bundle T M = V M ⊕ H M into a vertical subspace V M = ker(T π) consisting of all vectors tangent to the fibers of M over S , and a horizontal subspace H M = (V M ) ⊥ G defined as the orthogonal complement of V M according to the metric G that we put on M . We say formal because the manifold structure of the space Imm([0, 1], M ) has not yet been thoroughly studied to our knowledge. We require that G be reparameterization invariant, that is to say that the action of Diff
for any curve c ∈ M , reparameterization φ ∈ Diff + ([0, 1]), and infinitesimal deformations h, k ∈ T c M -h and k can also be seen as vector fields along the curve c in M . That way, the induced geodesic distance between two curves c 0 and c 1 does not change if we reparameterize them the same way, that is
for any φ ∈ Diff + ([0, 1]). Also, if this property is satisfied, then G induces a Riemannian metricĜ on the shape space, [6] that the induced metricĜ on the shape space always vanishes. This has motivated the study of Sobolev metrics ( [8] , [1] , [2] ), and particularly of a first-order Sobolev metric on the space of plane curves,
G π(c) (T c π(h), T c π(k)) = G c (h H
where we integrate according to arc length d = c (t ) dt and 〈·, ·〉 denotes the eu-
h is the derivation of h according to arc length,
is the projection of D s h on the unit length tangent vector field v = can be extended to curves in a general manifold by using parallel transport, in a way which allows us to move the computations to the tangent plane to the origin of one of the two curves under comparison, see [5] and [14] . In [5] the transformation used is a generalization of the SRV function introduced by Bauer et al. in [1] as a tool to study a more general form of the Sobolev metric (2) . In [14] a Riemannian framework is given, including the associated Riemannian metric and the geodesic equations. While our approach in this paper is similar, we feel that the distance we introduce here will be more directly dependent on the "relief" of the manifold, since it is computed in the manifold itself rather than in one tangent plane as in [5] and [14] . This enables us to take into account a greater amount of information on the space separating two curves.
New metric on the space of parameterized curves
We consider the square root velocity function (SRVF) introduced in [11] on the space of curves in M ,
where · is the norm associated to the Riemannian metric on M . This function will allow us to define a metric G on M by pullback of a metricG on T M . First, we define the following projections from T T M to T M . Let ξ ∈ T (p,u) T M and (x,U ) be a curve in T M that passes through (p, u) at time 0 at speed ξ. Then we define the vertical and horizontal projections vp (p,u) :
The horizontal and vertical projections live in the tangent bundle T M and are not to be confused with the horizontal and vertical parts which live in the double tangent bundle T T M and will be denoted by ξ H , ξ V . Furthermore, let us point out that the horizontal projection is simply the differential of the natural projection T M → M , and that according to these definitions, the Sasaki metric ( [9] , [10] ) can be written
where 〈·, ·〉 denotes the Riemannian metric on M . Now we can define the metric that we put on T M . Let us consider h ∈ T M and ξ, η ∈ T h T M . We definẽ
where ξ(t ) H = hp(ξ(t )) and ξ(t ) V = vp(ξ(t )) are the horizontal and vertical projections of ξ(t ) ∈ T T M for all t . Then we have the following result. Remark 1. In the case of curves in a flat space, G is the first-order Sobolev metric (2), studied in [11] , with an added term involving the origins. This extra term guaranties that the induced distance is always greater than the distance between the starting points of the curves in M .
Proposition 1. The pullback of the metricG by the square root velocity function R is given by
Proof. For any c ∈ M , and h, k ∈ T c M , the metric G is defined by
For any t ∈ [0, 1], we have T c R(h)(t ) H = h(t ) and T c R(h) V = ∇ h R(c)(t ).
To prove this proposition, we just need to compute the latter. Let s → c(s, ·) be a curve in M such that c(0, ·) = c and c s (0, ·) = h . Here and in all the paper we use the notations c s = ∂c/∂s and c t = ∂c/∂t . Then
where in the last step we use again the inversion ∇ s c t = ∇ t c s .
Fiber bundle structures
Principal bundle over the shape space We already know that we have a formal principal bundle structure over the shape space
Just as in the planar case, the fact that the square root velocity function R verifies the equivariance property
, guaranties that the integral part of G is reparameterization invariant. Remembering that the reparameterizations φ ∈ Diff + ([0, 1]) preserve the origins of the curves, we notice that G is constant along the fibers, as expressed in equation (1), and so there exists a Riemannian metricĜ on the shape space S such that π is (formally) a Riemannian submersion from (M ,G)
where h H and k H are the horizontal parts of h and k respectively.
Fiber bundle over the starting points The special role that plays the starting point in the metric G induces another formal fiber bundle structure, where the base space is the manifold M , seen as the set of starting points of the curves, and the fibers are the set of curves with the same origin. The projection is then
It induces another decomposition of the tangent bundle in vertical and horizontal bundles 
Proposition 2. We have the usual decomposition T
and this completes the proof.
Induced distance on the space of curves
Here we will give an expression for the geodesic distance induced by the metric G. 
where we denote by P
M the parallel transport along a curve γ from γ(t 1 ) to γ(t 2 ). Notice thatq is a surface in a vector space, as illustrated in Figure   1 . Lastly, we introduce a vector field (a, τ) → ω s,t (a, τ) in M , which parallel translates q(s, t ) along c(s, ·) to its origin, then along c(·, 0) and back down again, as shown in Figure 1 . More precisely
for all b, s. That way the quantity ∇ s ω s,t measures the holonomy along the rectangle of infinitesimal width shown in Figure 1 . We can now formulate our result. 
where q = R(c) is the Square Root Velocity representation of the curve c and the norm is the one associated to the Riemannian metric on M . It can also be written
dist(c 0 , c 1 ) = inf c(0,·)=c 0 ,c(1,·)=c 1 1 0 c s (s, 0) 2 + 1 0 q s (s, t ) + Ω(s, t ) 2 dt ds,(6)
whereq is the raising of q in the tangent plane T c(0,0) M and the curvature term Ω is given by
if R denotes the curvature tensor of the manifold M .
Remark 2. Our original motivation for this work was to find a geodesic distance (that is, a distance induced by a Riemannian metric) that resembled the product distance introduced in [5] . In the first term under the square root of expression (6) we can see the velocity vector of the curve c(·, 0) linking the two origins, and in the second the velocity vector of the curveq linking the TSRVF-images of the curves -Transported Square Root Velocity Function, as introduced by Su et al. in [12] . However there is also a curvature term Ω which, as previously mentionned, measures the holonomy along the rectangle of infinitesimal width shown in Figure 1 . If instead we equip the tangent bundle TM with the metric 
where the norm of the second term under the square root is the L 2 -norm, and which corresponds exactly to the geodesic distance associated to the metric on the space [14] . The difference between the two distances (5) and (7) resides in the curvature term Ω, which translates the fact that in the first one, we compute the distance in the manifold, whereas in the second, it is computed in the tangent space to one of the origins of the curves. Therefore, the first one takes more directly into account the "relief" of the manifold between the two curves under comparison. For example, if there is a "bump" between two curves in an otherwise relatively flat space, the second distance (7) might not see it, whereas the first one (5) will thanks to the curvature term.
Remark 3. Let us briefly consider the flat case : if the manifold M is flat, the two distances (5) and (7) q(s, t ) is a vector field along c(·, 0), and so
We consider the vector field ν along the surface (s, τ) → c(s, τ) that is parallel along all curves c(s, ·) and takes value ν(s,
for all s ∈ [0, 1] and τ ∈ [0, 1]. That way we know that
Then we can express its covariant derivative in the following way
Now let us fix s ∈ [0, 1] as well. Notice that the vector field ω s,t defined above verifies
is only true for a = s. It is easy to verify that the last term of equation (8) is precisely the covariant derivative of the vector field ω
q(s, t ), and finally by composing by P s,0 c(·,0)
, we obtain the second expression (6), which completes the proof.
Geodesic equation on M
In order to be able to compute the distance given by (5) between two curves, we first need to compute the optimal deformation s → c(s, ·) from one to the other. In other words, we need to characterize the geodesics of M for our metric. In order to do so, we use the variational principle. The beginning of the calculations are very similar to those in [14] . 
where q = c t / c t is the SRV representation of c. Its derivative is given by
Considering that the variation preserves the end points, integration by parts gives
and so we obtain
This quantity has to vanish in a = 0 for all proper variations (u(t 1 )) to denote the parallel transport along a curve c of a vector field u, the following simple manipulations provide us with a solution 
